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Abstract The article presents an axi-symmetrical model

for determining the total damping coefficient of a periodic

perforated microelectromechanical systems (MEMS) micro-

structure for cases where the lubrication approximation

yielding the Reynolds’ equation is no longer appropriate.

Damping is modeled by solving for the viscous flow in an

approximation of the periodic cell geometry using an

equivalent axi-symmetrical cylindrical flow domain. Using

the Stokes approximation of the incompressible Navier–

Stokes (N–S) equations with harmonic time behavior, an

analytic solution is obtained yielding an explicit formula for

the damping coefficient. Additionally, two numerical mod-

els were implemented based on the finite element method.

Numerical solutions were obtained for the linearized, vis-

cous acoustic equations (time harmonic) and the steady,

incompressible N–S equations. The results given by the

analytical formula compare well with those obtained from

the FEM solutions and with measured values for MEMs

microstructures found in the literature.

Keywords Perforated microstructures � Viscous

damping � MEMS microphones � Navier–Stokes equations

1 Introduction

The study of a thin air layer squeezed between a moving

plate and a rigid plate, referred to as a planar

microstructure, is important in many microelectrome-

chanical systems (MEMS) such as microphones (Berquist

1993), microaccelerometers (Gerlach-Mayer 1991), reso-

nators (Mattila et al. 2000), tunable microoptical interfer-

ometers (Wu et al. 1996), etc. The horizontal motion of the

thin air gap in a planar microstructure yields squeeze-film

damping that can adversely affect the dynamic response of

the device (Bao and Yang 2000). On the other hand, many

MEMS devices need to be damped for stable operation, as

in the case of a lightly damped micromachined acceler-

ometer that can be destroyed by large deflections of its

proof mass due to mechanical shock. Thus, viscous

damping is a critical factor for many MEMS transducers.

As a result there is an extensive literature dedicated to the

study of squeeze-film damping in the MEMS area (Škvor

1967; Starr 1990; Veijola 2006a; Bao and Yang 2007).

Much of the existing work is based on analytical or

numerical integration of the Reynolds’ equation.

The perforations in one of the plates (e.g., the backplate

in case of microphones or the proofmass for accelerome-

ters) can be used to control the viscous damping. The rigid

backplate often contains perforations for reducing the time

required to remove sacrificial materials between the mov-

ing structure and backplate during the wet etching process.

Squeeze-film damping is reduced by incorporating holes in

one (or both plates). However, the vertical motion of the air

within the holes gives a new viscous resistance which adds

to the squeeze-film damping. A rigorous treatment of the

total damping problem requires the solution of the Navier–

Stokes (N–S) equations (or linearized forms, e.g., viscous

acoustic equations, Stokes approximation) in the 3-D

domain consisting of the gap between the plates and the

volume of the holes, which is difficult for a geometrically

complex MEMS structure. Accurate three-dimensional

(3-D) flow simulations are not practical for the entire
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microstructure geometry (Veijola 2006a) due to the com-

putational resources required.

The lubrication approximation applies when the distance

between the plane surfaces is sufficiently small. This

assumption makes it possible to integrate the N–S equa-

tions over the separation distance and yields the Reynold’s

equation. In the case of perforated microstructures, the

assumption that the flow domain is thin is not necessarily

valid in the region of the holes. As a result, the Reynold’s

equation cannot be applied unless the pitch of the holes is

much larger than the distance between plates and the

diameter of the holes, which is not the case in many

applications.

There are two ways to overcome the difficulties asso-

ciated with the application of the Reynold’s equation for

perforated microstructures. The first one is to modify the

Reynold’s equation by adding new terms and coefficients

to account for the influence of the holes to the pressure of

the flow through the microstructure (Veijola and Mattila

2001; Bao et al. 2003; Mohite et al. 2008). This approxi-

mation turns the actual 3-D problem into a 2-D one that is

much more amenable to analytical investigations and

numerical simulations. The modified Reynold’s equation

has been solved analytically in particular cases. More

complicated domains require the use of numerical methods.

In the ‘‘analytic damping model’’ derived by Veijola

(2006a, b) (see also Veijola and Raback 2007; Mohite et al.

2005; Pandey and Pratap 2005) the mechanical resistance

of a perforation cell consists of six lumped flow resistances.

One of these resistances is derived analytically using the

Reynold’s equation. The elongations involved in the other

lumped resistances contain up to 20 numerical coefficients

that are determined using some heuristic arguments and

fitting to Finite Element Method (FEM) simulations. All

the methods developed for determining the damping force

of oscillating perforated microstructures obtained by

extending the Reynold’s equation are known as ‘‘compact

models.’’ As noted in the recent articles by Veijola et al.

(2008, 2009) ‘‘the verification of the compact models is

generally questionable.’’

An alternate way to determine the viscous damping of

perforated microstructures, for cases outside of the validity

of the Reynold’s equation, is to directly integrate the N–S

equations and obtain the velocity and pressure fields. This

approach is especially attractive when it is possible to take

advantage of the repetitive pattern of holes which is typical

in most designs. The periodic pattern of holes can be

modeled in terms of a single basic cell associated with each

hole. The region of air beneath the hole (inside the gap) is

generally a hexagonal or square prism. Due to symmetry,

the normal velocity on each side plane of these prisms

vanishes. Here, the prismatic part of the basic cell will be

approximated by a circular cylinder (of the same section

area and height) having zero normal velocity along the

lateral surface. This configuration changes the 3-D solution

domain for the basic cell into a 2-D, axi-symmetrical one.

Using this domain simplification, the analysis of viscous

damping for the original periodic microstructure can be

performed by solving the governing equations and com-

puting the pressure and velocity fields using both analytical

and numerical methods.

The analytical method presented in Sect. 3, is based on

using the Stokes approximation to the N–S equations (with

harmonic time dependence) to describe the motion of the

incompressible fluid in the approximated cell. Here, this

approach yields a compact formula for the total damping

coefficient of a cell B (defined as the total pressure on the

diaphragm inside the cell divided by its average normal

velocity) when the pitch of the holes l = 2b, the hole

radius r, and the gap d have comparable geometrical

dimensions. This formula extends the classical result

obtained by Skvor on the basis of the lubrication approx-

imation (Bao 2000; Homentcovschi and Miles 2004).

In Sect. 4, the FEM is employed to solve for the flow in

a representative axi-symmetric domain and determine the

viscous damping. The numerical solution approach is used

to solve the governing equations for two different models:

the linearized, compressible N–S equations assuming har-

monic time variation (linearized viscous acoustic equa-

tions) and the incompressible N–S equations assuming

steady behavior. The steady N–S model is independent of

frequency. The results presented show that the assumption

of steady, incompressible flow yields useful results for

small to medium frequencies. The variation in model

assumptions between the analytical model and the two

numerical models will provide insight into the roles played

by the different physical effects (i.e., nonlinear inertia

terms, time dependence, compressibility). The numerical

results are more broadly applicable and are valid in the

case of larger holes. The analytical approach yields a for-

mula for the damping coefficient which provides insight

and is convenient to use. The FEM solutions require the

specification of model parameter values and a number of

simulations must be run to analyze the behavior of the two

computational models (i.e., steady-state motion for an

incompressible fluid versus harmonic time-dependence for

a compressible fluid). A comparison of the results from all

three models at the end of the section shows that the ana-

lytical formula provides a good approximation for the

damping coefficient over a broad range of frequencies.

In Sect. 5, the analytical and FEM results for the

damping coefficient are compared with predictions based

on the Reynold’s equation for squeezed-film damping

(modified to include the resistance of the holes). The

comparison yields insight into the limits of applicability of

the (Reynold’s equation-based) compact models. The
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analytical and numerical results presented here show that

models based on the Reynold’s equation applied in the gap

domain yield reasonable results only if the distance between

the holes in the periodic array is at least 20 times larger than

the radius of the holes or, in the case of small hole radius, if

the thickness of the backplate is sufficiently large.

In Sect. 6, the damping coefficients obtained using the

analytical formula and from the FEM computations are

compared to the measured coefficient values of some par-

ticular perforated microstructures provided by Somà and

De Pasquale (2007, 2008) and De Pasquale et al. (2010).

The results given by the analytical method and FEM

models are found to compare well with the measured val-

ues, and are found to be in much better agreement with the

measured damping coefficients as compared to the pre-

dictions obtained from compact models (Veijola et al.

2008, 2009).

For the viscous damping problem, the results of this work

can be applied for cases when the Reynolds’ equation is not

appropriate, i.e., when the pitch of holes, the gap, and the

diameter of holes have comparable geometrical dimensions.

2 Geometry and model formulations

2.1 Axi-symmetric domain approximation

Consider a uniformly perforated microstructure with a

repetitive pattern of holes (fixed pitch and hole diameter).

In the case of a staggered pattern of holes, an hexagonal

pattern repeats while for aligned (nonstaggered) holes a

square pattern results (see Fig. 1a). The upper plate is the

perforated backplate (of thickness h) and the lower one is

the diaphragm. The distance d between the average posi-

tions of the two plates is the air gap of the structure. The

circular cylindrical holes (of radius r and height h) lie on

the vertices of a regular lattice of hexagons or squares with

side length denoted by l = 2b (b is the half-period of the

lattice) in both the cases. The air domain in the case of

aligned holes (square pattern) is shown in Fig. 1b. The

repetitive pattern of the system of holes and the vertical

motion of the diaphragm impose a similarly repetitive

response in the motion of the air. The actual domain for a

single repeating cell is shown in Fig. 2. It consists of a

square (or hexagonal prism in the case of staggered holes)

lower domain region Dg located below the cylindrical part

of the domain Dh representing the hole. All the side planes

of the domain Dg are symmetry planes for the fluid motion.

Consequently, on each symmetry plane the normal com-

ponent of velocity and the normal pressure derivative are

zero. On the solid boundary surfaces of Dg and the hole, the

velocity components vanish (no slip and no penetration

conditions). Finally, the pressure equals the external

(atmospheric pressure) on the upper surface of the hole and

the vertical velocity on the lower part of Dg is prescribed.

In order to simplify the problem we approximate the

lower region of the basic cell domain Dg by a circular

cylinder Cg (as shown in Fig. 3a) of the same volume and

with the area of the normal section equal to the area of the

hexagonal or square section of the prism Dg. The radius of

the cylinder Cg is therefore R ¼ 2b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ffiffiffi

3
p

= 2pð Þ
q

¼ 1:128b in

the case of staggered holes and R ¼ 2b=
ffiffiffi

p
p
¼ 1:05b in the

case of aligned holes. This domain configuration yields an

axi-symmetrical problem rather than a fully 3-D one and is

easier to treat both analytically and numerically. The axi-

symmetric fluid domain is shown in Fig. 3a, b with

dimensions and boundary conditions labeled. A cylindrical

polar coordinate system (q, z) is used where q is the radial

coordinate and z is the axial coordinate. The origin is

placed such that the z-axis is the symmetry line of the cell

in the center of the circular hole with z = 0 being the lower

base of the cell. The radius of the hole is designated by r

and as defined above the radius of the gap region is R. Due

d
h

2b

backplate

diaphragm

r

d

h
2b

air

a bFig. 1 a A perforated planar

microstructure. b The air

domain corresponding to the

planar microstructure

h

2b

d

r

Fig. 2 A basic element of a periodic planar microstructure
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to the periodic structure of the cell domain, the normal

velocity is assumed to vanish on the side surface of the

domain Cg. This approximation is appropriate in the case of

small and moderate values of the area ratio A (defined as

the ratio of the cross-sectional area of the hole over the

total cross-sectional area of the domain Dg).

In certain applications, the MEMS microstructure has a

regular pattern of square holes (width 2a). The radius re of

an equivalent cylindrical hole is obtained by equating the

total resistance (sum of the direct and indirect resistances)

from Homentcovschi and Miles (2007) for circular and

square holes, which yields re = 1.094a.

2.2 N–S and viscous acoustic equations

As discussed previously, when the thickness of the gap is

comparable to the plane dimensions of the cell, the lubrica-

tion approximation can no longer be used. In the most general

case, the flow of the viscous compressible fluid (character-

ized by the velocity field V, the density eq and the pressure P)

is governed by the compressible N–S system of equations

oeq
ot
þ V � req þ eqr � V ¼ 0; ð1Þ

eq
oV

ot
þ ðV � rÞV

� �

¼ r �Pþ l
3
r � V

� �

þ lr2V; ð2Þ

where l is the shear viscosity. In the case of small gaps and

high thermal conductivity of the walls the temperature can be

assumed as constant (isothermal assumption). To close the

system of Eqs. 1 and 2 an equation of state must be specified

eq ¼ eqðPÞ: ð3Þ

For small harmonic oscillations about a steady-state

solution with zero velocities the dependent variables can be

assumed to take the form

V ¼ ve�ixt; P ¼ p0 þ pe�ixt; eq ¼ q0 þ q0e�ixt; ð4Þ

where p0 and q0 are constants in space and x = 2p f, f

being the frequency. After inserting the above form of the

dependent variables into the governing equations and

neglecting the quadratic terms in the dependent variables,

the linearized viscous acoustics equations are obtained.

�ix
p0

pþr � v ¼ 0; ð5Þ

�ixq0v ¼ �r p� l
3
r � v

� �

þ lDv; ð6Þ

The constants p0 and q0 are connected by means of the

relationship

p0 ¼ q0c2
0; ð7Þ

c0 being the isothermal speed of sound.

3 Analytic solution approach

For the case of an incompressible fluid, the system of Eqs. 5

and 6 coincides with the Stokes approximation to the N–S

equations where the nonlinear inertia terms are neglected.

r � v ¼ 0; ð8Þ
ixq0vþ lDv ¼ rp; ð9Þ

The boundary conditions on the gap walls are specified by

uðq; 0Þ ¼ 0; uðq; dÞ ¼ 0; ð10Þ

wðq; 0Þ ¼ w 0ð Þ qð Þ; wðq; dÞ ¼ wd qð Þ; ð11Þ

where u q; zð Þ; 0;w q; zð Þð Þ are the components of the

velocity field v in cylindrical coordinates (q, u, z) and

the function w(0)(q) is nonzero only along the opening

w 0ð ÞðqÞ ¼ ewð0ÞðqÞ if q\r
0 otherwise

�

; ð12Þ

ewð0ÞðqÞ is a function to be specified later. The method can

be applied in the case of arbitrary motion of the diaphragm.

However in this work only the case of a rigid diaphragm in

translational motion wd qð Þ � wðdÞ will be considered.

In solving the boundary-value problem the geometry of

the domain is considered fixed, with the line z = d corre-

sponding to the average position of the vibrating plate.

Such an approximation holds only for small amplitude

oscillations of the diaphragm. This is generally the case for

microphones, microaccelerometers, tunable micro-optical

interferometers, etc.

The boundary conditions Eqs. 10–12 are include the no-

slip boundary conditions assuming a continuum flow. If the

channel dimensions approach the mean-free path of the air,

then the decreased pressure (rarefaction effect) may change

the boundary conditions on the solid surfaces yielding slip

(nonzero tangential velocity) of the fluid particles. As the

scale of the flow is very small a slip model may be

appropriate. However, if the pitch of holes is on the order

of the air gap, the presence of holes reduces the possibility

Inflow/outflow  (0, 0, w0)

r

h

A
x
i
a
l
-
s
y
m
m
e
t
r
y

S
l
i
p

No-slip

N
o
-
s
l
i
p

Outflow p=0

d

R

ba
R

r

d

h

Cg

Ch

Fig. 3 a The cylindrical approximation of the gap domain of a basic

element. b An axial section of the cylindrical approximation of the

basic domain (cell)
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of slip on the solid surfaces of the microstructure. For a gap

on the order of 1 lm and an area ratio, A (area of the hole

divided by the total area of the cylindrical gap region), of

around 50%, half of the working area is open. Thus, the

effective gap of the structure is much larger than 1 lm and

rarefied gas behavior should not be important. The pres-

ence of holes gives a redistribution of the pressure on the

backplate very different from rarefaction conditions in a

small gap between two parallel, nonperforated plane sur-

faces where a slip-flow is a better model. The pressure

release from the hole may be dominant when compared to

pressure reduction due to rarefaction, which is the

assumption adopted in this article. However, a more pre-

cise model has to consider some slip of the flow over solid

walls determined by the balance between pressure release

do to the holes and rarefaction. The proper importance of

these two opposite influences is an open problem.

In Veijola et al. (2008, 2009) both no-slip (models M1

and M2) and models with a slip velocity boundary condi-

tion (M3 and M4) were used along the walls in the air gap

and the hole. The results given in Table III in Veijola

(2008) are closer to the measured (experimental) values

when the standard continuum no-slip condition is applied

along the solid surfaces.

3.1 Vorticity/pressure formulation

Equation 9 can be rewritten as:

v ¼ 1

ixq0

rp� l
ixq0

Dv: ð13Þ

Using the vector identity

r� r� vð Þ ¼ r r � vð Þ � Dv; ð14Þ

and taking into account the continuity equation for an

incompressible fluid Eq. 8, we obtain

v ¼ 1

ixq0

rpþ l
ixq0

r�X; ð15Þ

where the vorticity X is defined by

X ¼ r�v: ð16Þ

For the axi-symmetrical case, in cylindrical coordinates

(q , u, z), there is only one vorticity component

r� v ¼ Xbu: ð17Þ

Thus, we obtain expressions for the velocities in terms of

the pressure and vorticity vector as potentials

v ¼ 1

ixq0

rpþ l
ixq0

r� Xbuð Þ: ð18Þ

The velocity components for axi-symmetrical flow written

in cylindrical coordinates are given by

uðq; zÞ ¼ 1

ixq0

op

oq
� l

ixq0

oX
oz
; ð19Þ

wðq; zÞ ¼ 1

ixq0

op

oz
þ l

ixq0

1

q
oðqXÞ

oq
; ð20Þ

where u(q, z) is the radial component and w(q, z) is the

axial component of velocity. Expressing the operators r�
and r� in cylindrical coordinates and applying the

relationships (8) and (17), we obtain the following two

equations for the pressure and vorticity fields

1

q
o

oq
q
op

oq

� 	

þ o2p

oz2
¼ 0; ð21Þ

and

1

q
o

oq
q
oX
oq

� 	

� X
q2
þ o2X

oz2
þ ixq0

l
X ¼ 0: ð22Þ

3.2 Separation of variables solution

Because Eqs. 21 and 22 are linear and the boundary conditions

along the external cylindrical surface are homogeneous, sep-

aration of variables can be used to obtain the solution,

1

ixq0

pðq; zÞ ¼ /0ðzÞ þ
X

1

n¼1

/nðzÞJ0 qnqð Þ ð23Þ

where

/0ðzÞ ¼ A0 þ B0z;

/nðzÞ ¼ An cosh qnzð Þ þ Bn sinh qnzð Þ;
ð24Þ

and the eigenvalues qn are determined by

J1 qnRð Þ ¼ 0; n ¼ 0; 1; 2; . . . ð25Þ

Similarly, the solution for the vorticity has the form

l
ixq0

X q; zð Þ ¼
X

1

n¼1

Xn zð ÞJ1 qnqð Þ ð26Þ

with the eigenfunctions and eigenvalues given by

XnðzÞ ¼ Cn cosh rnzð Þ þ Dn sinh rnzð Þ;

rn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2
n �

ixq0

l

s

:
ð27Þ

Equations 19 and 20 yield the following representation

formulas for the components of the velocity field

u q; zð Þ ¼
X

1

n¼1

un zð ÞJ1 qnqð Þ; ð28Þ

where

unðzÞ ¼ �qn An cosh qnzð Þ þ Bn sinh qnzð Þ½ �
� rn Cn sinh rnzð Þ þ Dn cosh rnzð Þ½ �;

ð29Þ
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and

w q; zð Þ ¼ B0 þ
X

1

n¼1

wn zð ÞJ0 qnqð Þ: ð30Þ

The function wn(z) is given by

wnðzÞ ¼ qn An sinh qnzð Þ þ Bn cosh qnzð Þ½ �
þ qn Cn cosh rnzð Þ þ Dn sinh rnzð Þ½ �:

ð31Þ

The constants A0, B0, An, Bn, Cn, Dn are determined from

applying the boundary conditions as described below.

3.3 Determination of series constants

Let w
ð0Þ
n and w

ðdÞ
n denote the Fourier Bessel series expan-

sions coefficients of the functions ewð0ÞðqÞ and w(d)(q),

respectively:

wð0Þn ¼
2

R2

Z

r

0

ewð0Þ qð ÞqJ0 qnqð Þ
J2

0 qnRð Þ dq; ð32Þ

wðdÞn ¼
2

R2

Z

R

0

wðdÞ qð ÞqJ0 qnqð Þ
J2

0 qnRð Þ dq; ð33Þ

for n ¼ 1; 2; . . . For n = 0, the conditions for the velocity

component w along the planes z = 0 and z = d give

B0 ¼ w
ð0Þ
0 ¼

r2

R2
wð0Þ ð34Þ

B0 ¼ w
ðdÞ
0 ¼ wðdÞ: ð35Þ

Combining Eqs. 34 and 35 yields the following expression

wð0Þ ¼ R2

r2
wðdÞ

where R is the equivalent radius of a cell and r the hole

radius. Multiplying by Eq. 30 by q and integrating over the

interval [0, R] the relationship (31) gives

Q0 � 2p
Z

R

0

qw q; dð Þ dq ¼ pR2B0:

Using the same procedure on Eq. 23 yields

P0 � 2p
Z

R

0

qp q; dð Þ dq ¼ ixq0pR2 A0 þ B0d½ �;

Q0 being the rate of flow and P0 the total pressure on the

base of the cell. Finally, using the above expression for P0

and Eq. 35 we obtain

B0 ¼ wðdÞ; A0 ¼
P0

ixq0pR2
� wðdÞ

pR2
d:

Along the plane z = d we can write

qn An cosh qndð Þ þ Bn sinh qndð Þ½ �
þ rn Cn sinh rndð Þ þ Dn cosh rndð Þ½ �
¼ 0 ð36Þ

qn An sinh qndð Þ þ Bn cosh qndð Þ½ �
þ qn Cn cosh rndð Þ þ Dn sinh rndð Þ½ �
¼ wðdÞn ð37Þ

Similarly, along the plane z = 0 the u and w components of

the velocity give

qnAn þ rnDn ¼ 0 ð38Þ

qnBn þ qnCn ¼ wð0Þn ð39Þ

w
ð0Þ
n are the Fourier Bessel expansion coefficients

corresponding to the functions defined by Eq. 12.

Equations 36–39 determine all the remaining coefficients

as

An ¼ A
ð0Þ
n wð0Þn þ A

ðdÞ
n wðdÞn ; ð40Þ

Bn ¼ B
ð0Þ
n wð0Þn þ B

ðdÞ
n wðdÞn ; ð41Þ

The operators A
ð0Þ
n ; . . .;BðdÞn are defined by formulas

A
ð0Þ
n ¼

sinh qndð Þ cosh rndð Þ � rnq�1
n cosh qndð Þ sinh rndð Þ

qn 2� 2 cosh qndð Þ cosh rndð Þ þ qnr�1
n þ rnq�1

n


 �

sinh qndð Þ sinh rndð Þ

 �; ð42Þ

A
ðdÞ
n ¼

rnq�1
n sinh rndð Þ � sinh qndð Þ

qn 2� 2 cosh qndð Þ cosh rndð Þ þ qnr�1
n þ rnq�1

n


 �

sinh qndð Þ sinh rndð Þ

 �; ð43Þ

B
ð0Þ
n ¼

1� cosh qndð Þ cosh rndð Þ þ rnq�1
n sinh qndð Þ sinh rndð Þ

qn 2� 2 cosh qndð Þ cosh rndð Þ þ qnr�1
n þ rnq�1

n


 �

sinh qndð Þ sinh rndð Þ

 �; ð44Þ

B
ðdÞ
n ¼

cosh qndð Þ � cosh rndð Þ
qn 2� 2 cosh qndð Þ cosh rndð Þ þ qnr�1

n þ rnq�1
n


 �

sinh qndð Þ sinh rndð Þ

 �: ð45Þ

870 Microfluid Nanofluid (2010) 9:865–879

123

 Author's personal copy 



3.4 Analytic expression for the total force

We assume that at the lower base of a hole (in the opening)

the pressure has the form

pðq; 0Þ ¼ pð0Þ; q\r: ð46Þ

Also, the axial velocity is

w q; 0ð Þ � ewð0Þ qð Þ ¼ wð0Þ; q\r ð47Þ

corresponding to a constant velocity in the opening and

w(q, 0) = 0 on the rest of the plane z = 0 inside the cell.

The one-term approximations Eq. 46 for the pressure and

Eq. 47 for velocity assume small values of the radius r. For

larger holes more terms have to be considered involving

more unknown coefficients. However it will be shown in

the applications section that the one-term approximation

works well even in the case of medium sized holes.

The equations of the problem are obtained now using the

condition (46)

A0 �
pð0Þ

ixq0

þ
X

1

n¼1

AnJ0 qnqð Þ ¼ 0; q\r: ð48Þ

Equation 48 can be integrated with respect to q yielding

A0

q
2
� pð0Þ

ixq0

q
2
þ
X

1

n¼1

An

qn
J1 qnqð Þ ¼ 0; q\r: ð49Þ

Using Eq. 49 and the formulas (40) and (41) we obtain

X

1

n¼1

A
ð0Þ
n

qn
wð0Þn þ

A
ðdÞ
n

qn
wðdÞn

" #

J1 qnqð Þ ¼ �A0

q
2
þ pð0Þ

ixq0

q
2

q\r: ð50Þ

Correspondingly, the formulas (32), (33), (64), and (67) give

wð0Þn ¼ wð0Þ
2r

R2

J1 qnrð Þ
J2

0 qnRð Þqn
; wðdÞn ¼ wðdÞdn0: ð51Þ

Also, by multiplying Eq. 50 by q2 and integrating over

[0, r] we obtain

X

1

n¼1

A
ð0Þ
n

qn
wð0Þn þ

A
ðdÞ
n

qn
wðdÞn

" #

J2 qnrð Þ
qnr

¼ �rA0

8
þ pð0Þ

ixq0

r

8
: ð52Þ

Finally, the substitution of Eq. 51 into Eq. 52 gives the

expression

P0 ¼ BSwðdÞ þ pR2pð0Þ; ð53Þ

where we have denoted

Bs ¼ ixq0pR2 d � 16

r3

X

1

n¼1

A
ð0Þ
n

q3
n

J1ðqnrÞJ2ðqnrÞ
J2

0ðqnRÞ

( )

: ð54Þ

The pressure p(0) is obtained by employing the Hagen-

Poiseuille solution for fully developed flow in a circular

pipe as

pð0Þ ¼ �8lh
R2

r4
wðdÞ: ð55Þ

In the model developed here it is assumed that the

backplate oscillates and the perforated plate is fixed. For

the case when the perforated plate oscillates and the

backplate is fixed to the substrate, the pressure p(0)

resulting from the damping inside the holes also contains

a term due to the oscillation of the air in hole.

Homentcovschi and Miles (2005) determined that for this

case the pressure becomes

pð0Þ ¼ �8lh
R2

r4
1� ixq0

r2

4l

� 	

wðdÞ

which affects the added mass coefficient but not the

damping force.

Therefore, the total damping coefficient of a cell is given

by the real part of the formula

BT �
P0

wd
¼ BS � 8plh

R4

r4
: ð56Þ

P0 being the total pressure on the diaphragm inside the cell

and wd the normal velocity of the plate. This formula

provides the total damping coefficient predicted by the

model based on the Stokes approximation of the viscous

flow equations. The first term in formula (56) represents the

squeezed-film component and the second term is the total

(direct ? indirect) contribution of the hole (Homentcovschi

and Miles 2004, 2005).

3.5 The damping and added mass forces

The force of the fluid on the vibrating plate can be sepa-

rated in two components. The component

BR ¼ real BTð Þ ¼ real
P0

wd

� 	

;

in phase with the plate velocity, determined mainly by

pressure, acts as a damping force. The remaining

component

BI ¼ imagðBTÞ ¼ imag
P0

wd

� 	

which is 90� out of phase with respect to velocity, appears

as a mass added to that of the plate itself. Physically, the

first force component is contributed by the fluid which

pushes the plate, while the second arises from the fluid

carried along with it. For the case when the length of the

holes is small, the resistance of the holes is negligible

compared with the squeezed-film damping. Therefore, the

pressure p0 in formula (53) is assumed to be zero. As a

result, the fact that Stokes flow may not become fully

developed in the small length holes is avoided.
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4 Numerical simulations

Numerical solutions to the N–S equations provide a means

to verify the analytical solution and to assess the effects of

the inertia, compressibility and time-dependence. For the

analytic solution the model assumed the Stokes approxi-

mation to the momentum equations (neglecting inertia)

with harmonic time-dependence and incompressible fluid

behavior. As stated earlier, numerical simulations were

performed using two different sets of model equations. The

numerical solutions were obtained using the FEM.

4.1 Steady-state solution

The analysis by Zuckerwar (1978) and Homentcovschi and

Miles (2008) shows that for the case of microphones in the

audio frequency range viscous damping is practically

independent of frequency. The squeezed flow is driven

periodically in time and, based on the above comments, can

be analyzed from the point of view of steady-state

response. As described in Sect. 2, the flow field is char-

acterized by the velocity field in the air V and the pressure

P. For the first set of numerical simulations, the steady-

state form of the N–S equations for an incompressible,

viscous fluid are solved (Eqs. 1 and 2 with the time

derivative of velocity neglected).

The computational domain used here is the axi-

symmetrical region shown in Fig. 3b. The bottom bound-

ary corresponds to the diaphragm where the inflow/outflow

condition u = (0, 0, w0) is specified. A constant pressure

(p = 0) outflow condition is specified along the top surface

corresponding to the hole aperture. The no-slip condition is

applied on solid surfaces (i.e., the wall of the hole and the

lower surface of the backplate). Slip symmetry V � n ¼ 0 is

specified along the outside cylindrical surface corre-

sponding to the cell gap boundary. Finally, axi-symmetry is

specified along the central axis of the unit cell.

Solutions to the governing equations for the given axi-

symmetrical domain and specified boundary conditions

were obtained using the Fluid Mechanics Application

Module of the Comsol Multiphysics (Comsol 2009) com-

mercial software package. The software uses the FEM for

the spatial discretization of the governing equations (here

in cylindrical-polar coordinates). The domain is discretized

using triangular elements. The Comsol software employs

an iterative procedure to solve the resulting discrete, non-

linear algebraic system of equations that result from the

finite element approximation of the N–S equations. A

homogeneous, unstructured mesh was employed for most

of the domain with areas of refinement in the gap region

and around the reentrant corner of the azimuthal domain.

While the full N–S equations were solved, for the condi-

tions of the model here, the nonlinear terms are relatively

small and accurate solutions are readily obtained. Grid

convergence studies were performed starting with

approximately 1,000 elements and using up to as many as

20,000 elements for the most refined meshes.

4.2 Viscous acoustic equations

The numerical model based on the steady-state N–S

equations outlined in the previous section includes the

nonlinear convective acceleration terms. It is also of

interest to investigate the effect of compressibility. The

second numerical model is based on solving the linear

viscous acoustic Eqs. 5 and 6. This complex form of the

governing equations is not one of the standard sets of

model equations built into the COMSOL software.

However, the software package provides the capability of

introducing the weak form of the complex viscous

acoustic equations and using the software to obtain the

finite element approximation of the equation system and

the appropriate linear, algebraic system solver. Specifi-

cally, the finite element solution procedure for the linear,

viscous acoustic equations was obtained by modifying the

NonIsothermal Stokes Flow Application Mode contained

in MEMS module of the COMSOL software package

(COMSOL 2009). This model neglects inertia but

includes compressibility.

The linearized, viscous acoustic equations require the

same boundary conditions be applied on the flow field

variables. Thus, the no-slip boundary condition was

imposed on solid walls by zeroing the tangential velocity

components. The no-penetration condition specifying zero

normal velocity is again prescribed for symmetry bound-

aries in the model (slip/symmetry). The velocity of the

vibrating plate is specified for the inflow boundary and,

finally, the pressure is given on the outflow part of the

boundary of the flow domain.

4.3 Model comparison results

Here, we present a set of representative results to compare

the analytical solution and predictions from the two

numerical models: steady-state N–S and the linear, viscous

acoustic equations. Results were obtained for a unit cell

with geometrical dimensions: r = 3.39 lm, R = 5.64 lm,

d = 1.6 lm, h = 15 lm. These are the effective geomet-

rical dimensions corresponding to the test structures E and

F in Somà and De Pasquale (2007, 2008) and the test

structures labeled topology 33 and 34 (for silicon samples)

by De Pasquale et al. (2010). The perforated microstruc-

ture labeled F has 36 9 24 perforations and the value of

the measured total damping coefficient is CM
F ¼ 67:44�

10�6 Ns=m: For the air in the unit cell, the following
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property values are used: density q0 = 1.155 kg/m3 and

dynamic viscosity l = 1.85 9 10-5 Ns/m2.

The axi-symmetrical form of the viscous acoustic

equations were solved for a range of frequencies from

1 kHz to 1 MHz. The total force acting on the vibratory

plate (having 846 holes) is composed of the viscous

damping (the real part) and the added mass force (the

imaginary part). The results given by the analytical formula

(56) from the incompressible Stokes approximation for the

viscous damping coefficient give the value CA
F ¼ 69:33�

10�6 Ns=m for the total damping coefficient (shown as -•-

in Fig. 4) and the line shown as (-m-) for the total added

mass force coefficient.

The FEM solution of the viscous acoustic equations

gives the total damping coefficient shown as the solid line

(—) in Fig. 4 and the total added mass force coefficient

drawn as the dashed line (– – –) in the same figure. Finally,

the measured value of the total damping coefficient from

Somà and De Pasquale (2007) and De Pasquale et al.

(2010) is denoted by the dash-dot-dash (– � –) line parallel

to the x-axis in Fig. 4.

From the results presented in Fig. 4, the following

observations can be made: (i) The FEM (viscous acoustic

equations) value for the total damping coefficient is rea-

sonably well approximated by the constant value obtained

from the analytical solution assuming incompressible

Stokes flow over the whole range of frequencies considered

(1 kHz to 1 MHz). (ii) For smaller frequencies f \ 0.5

MHz, the same FEM value of the total damping force

coefficient is very well approximated by the experimental

measurement value. This demonstrates that compressibility

effects are not significant for lower frequencies. (iii) The

over prediction for values of the damping coefficient for

frequencies higher than 0.5 MHz could be due to

completely neglecting rarefaction effects. (iv) Over the

entire range of frequencies, the total added mass coefficient

is much smaller than the corresponding total damping

coefficient. For smaller frequencies, the predictions from

the analytic solution and the FEM solution to the linear,

viscous acoustic equations for the total added mass force

are in reasonable agreement. However, the difference in the

predictions from the two solution increases as the fre-

quency increases indicating that compressibility is more

important in determining the total added mass force. Over

the entire frequency range, the analytical value overesti-

mates the total added mass force.

The deviation between the analytical model and the

numerical results for small frequencies is due to the sim-

plified modeling of the pressure and velocity in the opening

as uniform quantities. Better agreement may result by

including in the analytical model more terms for approxi-

mating the velocity and the pressure in the opening.

5 Comparison to models using the Reynolds’ equation

A set of numerical computations were performed to eval-

uate how well the analytic formula based on the Stokes

equation model obtained in Sect. 3 compares to the FEM

steady-state results. In each case, values for the damping

coefficient obtained from Eq. 56 (solid line) are compared

with the computed values obtained numerically (black

circles) and with results obtained from a model using the

Reynold’s equation (dotted line) given by Homentcovschi

and Miles (2007) (see also Homentcovschi and Miles 2004,

2005). The Reynold’s approximation is based on comput-

ing the squeezed file damping using the lubrication

approximation (Šcvor’s formula) and the direct and indi-

rect resistances of the holes expressed in terms of the rim

pressure, which is obtained via continuity arguments.

In Fig. 5 results for the damping coefficient 104B are

plotted versus the thickness of the backplate h for hole

radius r = 1 lm, radius of the equivalent cylinder

R = 20 lm and two gap thicknesses d = 1 lm and

d = 2 lm. Results from the Reynold’s equation are rep-

resented by the dotted lines, the solid lines correspond to

the analytic Stokes equation model and the results from the

steady N–S numerical model are shown as circles. The

analytic solution, based on Eq. 56, is in excellent agree-

ment with the FEM results. Also, for the parameter values

of this case, the lubrication approximation results (i.e., the

Reynold’s equation) are in reasonable agreement with the

present model predictions.

In Fig. 6, the damping coefficient B is plotted versus the

equivalent cylinder radius R for gap thickness d = 1 lm

and thickness of the backplate h = 8 lm. Results are

shown for three values of the hole radius: r = 1 lm,
Fig. 4 Plots of the total damping and added mass coefficients versus

frequency in the range 1 kHz–1 MHz
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r = 2 lm, and r = 3 lm. For the smallest hole radius, all

three solutions (FEM, analytic Stokes model, and the

Reynolds’ equation) are in excellent agreement. As the

hole radius is increased, the predictions for the damping

coefficient based on the lubrication approximation fall

below those from the other two models, with the difference

increasing with the hole radius r. In the last case

(r = 3 lm), the analytic solution based on the Stokes

approximation continues to agree well with the FEM

simulation for R [ 6 lm.

Figure 7 shows a plot of the damping coefficient versus

radius of the equivalent cylinder R for the case where the

backplate thickness equals the gap thickness, h = d =

1 lm, and values of the hole radius: r = 1 lm, r = 2 lm

and r = 3 lm. When the radius R of the equivalent cyl-

inder is larger than about twice the diameter of the holes,

the analytical solution given by formula (56) agrees well

with the damping coefficient obtained by the FEM solu-

tion. In all these cases, the Reynolds lubrication model

predictions fall below the results from the other two models.

Also, Figs. 6 and 7 suggest that the accuracy of the ana-

lytical approach as compared with that of the numerical

method is independent of the backplate thickness h.

In the last case (Fig. 8), the gap thickness was increased

to d = 2 lm, with all the other geometrical parameters the

same as in Fig. 7. As seen from the figure, the same con-

clusions can be drawn as in the previous cases about the

accuracy of the Reynolds’ approach. On the other hand, the

damping coefficients given by the analytical approach and

the FEM solutions are in closer agreement than for the case

where the gap equals 1 lm suggesting that the analytical

method works better for gaps greater than 1 lm.

We note that Fig. 5 uses a linear scale, while in Figs. 6,

7, and 8 a log scale is more appropriate for displaying the

Fig. 5 The plot of the total damping coefficient versus backplate

thickness h for r = 1 lm, R = 20 lm, and d0 = 1 and 2 lm

Fig. 6 The plot of the total damping coefficient B versus R for r = 1,

2, 2.5 lm, d0 = 1 lm, and h = 8 lm

Fig. 7 The plot of the total damping coefficient B versus R for r = 1,

2, 3 lm, d0 = 1 lm, and h = 1 lm

Fig. 8 The plot of the total damping coefficient B versus R for r = 1,

2, 3 lm, d0 = 2 lm, and h = 1 lm
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damping coefficient. In all the cases considered, the results

based on the Reynold’s equation (including the direct and

indirect resistances of the hole) underestimate the damping

coefficient.

6 Comparison with measured damping coefficients

for MEMS devices

Results for the damping coefficients from the analytical

and numerical models developed here were compared to

the published experimental data of De Pasquale et al.

(2009, 2010). The experimental configuration consists of a

central suspended plate covered with a pattern of square

holes, connected to four lateral clamped supports of small

cross-sectional area (refer to the references above for more

details about the device configuration studied and the

experimental setup and measurements). Both silicon and

gold rectangular plates with different geometrical dimen-

sions were fabricated. The geometrical dimensions of the

test structures were obtained by profile measurements using

an interferometric microscope. Six different rectangular

configurations were studied for each plate material: four

specimens with different hole cross-sectional area size and

two with the same hole dimensions but different plate

widths.

6.1 Results for gold samples

For rectangular gold plates, De Pasquale et al. (2009, 2010)

present experimental results for six cases that they label as

topology index 29–34. For the gold microstructures, the

nominal plate thickness is h = 6 lm and the air gap is

d = 3 lm. Here, Table 1 gives the effective geometrical

dimensions of the gold test structures. The second and the

third columns contain the dimensions of the plate (the

length L and the width W). As noted in the references,

small differences between specimen nominal dimensions

result from the fabrication process. Column four displays

the number of holes (M 9 N) in the rectangular plates in

the length (M) and width (N) directions. The fifth column

contains the measured damping coefficients CM. In

columns six and seven of Table 1, we include the param-

eters b (the half-period of the structure) and a = s0/2 (the

half-length of a square hole side). Column eight contains

the area ratio A (same as the perforation ratio q) of the

structure and column nine contains the radius r of the

circular cylinder which is equivalent to the square cross

section of the square hole of the test specimen. Finally, the

last column contains the radius R of the cylinder which

represents the lower prism or gap region of the domain.

In De Pasquale et al. (2009, 2010) the quality factor is

determined from the experimentally obtained curve of

displacement versus frequency, and the damping coeffi-

cient is then calculated from the quality factor, frequency

and the effective mass using the half-power bandwidth

method. As mentioned above, the values of the measured

damping coefficients, labeled as CM are given in column 5

of Table 1. The experimental data for the six cases were

given in Table V of De Pasquale et al. (2009), as well as in

Table 2 of De Pasquale et al. (2010).

From the results for the unit cell geometry presented

here, the damping coefficient of the whole structure is

determined by multiplying the damping coefficient for a

cell by the number of cells (M 9 N) of the microstructure.

Figure 9 is a plot of the relative error between predicted

values of the damping coefficient and the measured values

(listed in Table 1) for each of the experimental geometries

denoted by the topology index. The relative error for three

different models are shown in the figure. The results

obtained from the analytical model developed in Sect. 3,

CAN, are plotted as open circles. The relative errors of the

results given by the finite element solutions described in

Sect. 4.1 (steady, incompressible N–S equations) are

shown in Fig. 9 as full circles. Finally, the full squares

correspond to the relative errors of the compact model

presented by De Pasquale et al. (2009) with respect to the

measured values. First, it is noted that the results given by

the analytical formula and numerical approach track very

well, with the absolute relative error between them being

less than 7%. In addition, the results shown in the figure

indicate that generally the relative error between the pre-

dictions from the compact model and the measured values

is larger.

Table 1 The geometry of the measured and the calculated rectangular gold microstructure

Topolog index L (lm) W (lm) M 9 N CM (10-6 Ns/m) b (lm) a (lm) A (%) r (lm) R (lm)

29 376.1 96.66 18 9 4 28.678 9.90 3.61 12.5 3.95 11.17

30 366.47 96.50 18 9 4 20.023 9.91 4.65 20.7 5.09 11.18

31 376.81 96.63 18 9 4 10.949 9.92 5.35 27.33 5.85 11.19

32 376.47 96.61 18 9 4 7.507 9.91 6.30 38.0 6.89 11.18

33 376.44 156.9 18 9 7 52.135 9.91 3.61 12.48 3.95 11.18

34 376.13 277.0 18 9 13 169.515 9.90 3.60 12.44 3.94 11.17
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The large relative errors of the all the models for some

of the gold samples indicate that viscous damping signifi-

cantly underestimates the measured damping coefficient,

which in turn suggests that the observed damping of res-

onating gold structures may not be explained with a vis-

cous damping model alone. Effects such as anchor losses,

thermoelastic damping, structural dissipation (crystallo-

graphic defects), and bending of the relatively thin gold

plates can contribute to the actual damping of the devices.

6.2 Comparison for silicon microstructures

The predictions for the damping coefficients from the

analytical model and the steady-state FEM approach

developed here were compared to the measurements for

silicon microstructures reported by Somà and De Pasquale

(2007), Veijola et al. (2008, 2009), and De Pasquale et al.

(2010). (The measured results published by Somà and De

Pasquale 2008 are slightly different but the main conclu-

sion still holds).

The experimental set-up, the plate structure, and the

analysis performed in these articles are essentially the same

as those for the gold samples. For the experiments con-

ducted with the silicon plates, the nominal thickness is

h = 15 lm and the air gap is d = 1.6 lm. In all but the

most recent reference above, the data for six silicon sam-

ples are labeled using the letters A to F, which will be used

here. However, in the recent article by De Pasquale et al.

(2010), these six cases are designated by the topological

index 29–34 similar to the gold samples discussed above.

Table 2 contains the geometrical parameters for the six

experimental microstructures tested. In Table 3, the values

of the measured damping coefficients, labeled as CM are

given in column 2 for all six cases studied. Note that this

column coincides with the second column in Table 2 of De

Pasquale et al. (2010). Column three of Table 3 here

contains the analytical damping coefficient of the whole

structure CAN, determined by multiplying the damping

coefficient for the unit cell by the number of cells (M 9 N)

of the microstructure. The corresponding relative error

compared with the measured values are given in paren-

theses. The last column contains the calculated damping

coefficients CNUM from the steady-state finite element

model. Again, the damping coefficient of the whole

structure is obtained by summing over the total number of

cells. The relative error in the damping coefficient for the

calculated values for the entire structure when compared to

the measured values are given in parentheses. The results

given by analytical approach and the steady, incompress-

ible finite element model are in relatively close agreement

with the measured values for all six microstructure sam-

ples. Also, the analytical and FEM predictions are closer to

the measured values than those given by the compact

models contained in the references listed above.

The results in Table 3 show that for the silicon micro-

structures, viscous damping models explain the measured

quality factors for fabricated samples with sufficient accu-

racy, indicating that viscous damping is more important than

anchor losses and surface bending effects in this case.

7 Conclusions

A model has been presented to describe the fluid flow in a

unit cell of a periodic MEMS microstructure. In the model,

the actual periodic unit cell structure of common devices

(square or hexagonal prisms) is approximated by an

equivalent axi-symmetrical cylindrical flow domain.

Analytical and numerical approaches for obtaining the

viscous damping in a periodic unit cell flow domain have

been developed. The analytical solution is based on the

Stokes approximation of the N–S equations for viscous,

incompressible flow (Sect. 3). A numerical treatment

Fig. 9 The plot of the relative error with respect to the measured data

(De Pasquale et al. 2009) of the damping coefficients for gold

samples

Table 2 The geometry of the measured and calculated silicon

microstructures

Type L
(lm)

W
(lm)

M 9 N L:W b
(lm)

a
(lm)

A
(%)

r
(lm)

R
(lm)

A 372.4 66.4 36 9 6 6:1 5.1 2.5 24 2.73 5.75

B 363.9 63.9 36 9 6 6:1 5.0 3.05 37 3.34 5.64

C 373.8 64.8 36 9 6 6:1 5.15 3.65 50 4 5.81

D 369.5 64.5 36 9 6 6:1 5.1 3.95 59 4.23 5.75

E 363.8 123.8 36 9 12 3:1 5.0 3.1 38 3.39 5.64

F 363.8 243.8 36 9 24 3:2 5.0 3.1 38 3.39 5.64
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employing the FEM was used to solve the steady-state N–S

equations to verify the analytic solution and show that

inertia terms in the N–S equations are not important. The

FEM was also used to solve the linear, viscous acoustic

equations to account for the influence of compressibility

with the assumption of time harmonic behavior.

Values for the damping coefficients obtained from the

analytical and numerical models developed here are found

to compare well. Results for the total damping coefficient

from the analytical model, which is based on incompress-

ible fluid behavior, agree well with the linear, compressible

viscous acoustic equation FEM results over a large range of

frequencies (1 kHz to 1 MHz), indicating that an incom-

pressible flow model is valid in this range of frequencies.

The predicted values for the total added mass coefficient

from the incompressible and compressible flow models

differ as the frequency increases, with the compressible

flow model yielding smaller values than the incompressible

model.

The predictions for the damping coefficients for an air

gap equal to 1 lm from the analytical and numerical

incompressible models were compared and found to be in

good agreement as long as the diameter of holes is smaller

than the radius of the equivalent base cylinder, which is

found to be the case when the area ratio, A, is less than

approximately 0.25. The results from the analytical and

numerical approaches developed here were also compared

to a model based on the lubrication approximation (i.e., the

Reynold’s equation). These results were found to agree

with the present models only in the case where the radius of

the equivalent cylinder is approximately 20 times larger

than the radius of the hole when the thickness of the

backplate less than 10 lm and in the case of small holes

(r = 1 lm) and thick backplate (h = 8 lm). When these

restrictions are not satisfied, the results from the Reynold’s

equation fall below the values obtained from both the

models developed in the present work.

The analytic formula obtained for the total damping

coefficient provides a useful tool for use in the design of

perforated microscale devices for certain applications. The

analytical formulas obtained here for the damping and

added mass coefficients have been validated by comparison

to finite element solutions to the incompressible N–S

equations for the unit cell model geometry. Despite its

simplicity, the analytical model yields damping coeffi-

cients in closer agreement with the measured values from

available experimental data than predictions from compact

models which require additional fitting parameters be

prescribed. For larger air gaps (i.e., on the order of

d = 2 lm) good agreement was obtained with the experi-

mental data for hole diameters larger than the radius of the

basic cell.

The main limitations of the given analytical formula are

completely neglecting rarefaction effects and the hypoth-

esis of uniform velocity and pressure in the opening. Also,

due to the cylindrical approximation of the periodic cell the

final formula works well only for small and medium values

of area ratio. Finally, the formula for the damping coeffi-

cient of a cell has to be completed by a border effect cal-

culation for cells which are at the sides of the MEMS

microstructure.
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Appendix: Bessel function relationships

In this appendix, we prove the relationships (64) and (67)

which are used in Sect. 3. We begin with the Fourier-

Bessel series associated with the function f(q)

f qð Þ ¼ R2 J0 qmRð Þ½ �2

2

X

1

m¼0

efmJ1 qmqð Þ ð57Þ

where qm is the mth root of the equation

J1 qmRð Þ ¼ 0: ð58Þ

The expansion coefficients are given by the expression

efm ¼
Z

R

0

qf qð ÞJ1 qmqð Þ dq: ð59Þ

Also, for the Dini’s series of Bessel functions

Table 3 The measured (De

Pasquale et al. 2010) analytical

and numerical damping

coefficients and the relative

errors (in parentheses)

Type CM measured (10-6 Ns/m) CAN—rel. err. (10-6 Ns/m) CNUM—rel. err. (10-6 Ns/m)

A 47.38 40.81 (-13.87%) 40.71 (-14.08%)

B 19.46 18.30 (-5.96%) 17.86 (-8.22%)

C 9.863 10.76 (9.09%) 10.22 (3.62%)

D 7.609 8.095 (6.39%) 7.66 (0.67%)

E 38.22 34.67 (-9.30%) 33.77 (-11.6%)

F 67.44 69.33 (2.8%) 67.54 (0.15%)
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h qð Þ ¼ R2 J0 qmRð Þ½ �2

2

X

1

m¼0

bhmJ0 qmqð Þ; ð60Þ

the expansion coefficients bhm are determined by the

formula

bhm ¼
Z

R

0

qh qð ÞJ0 qmqð Þ dq: ð61Þ

The expressions (59) and (61) can be obtained using rela-

tionships given by Watson (1966, p. 580).

Coefficient calculation

First, in the case of the function

f q; rð Þ ¼ q; 0� q\r
0; r\q\R

�

ð62Þ

the following integral expression is obtained

ef qi; rð Þ ¼
Z

r

0

q2J1 qiqð Þ dq ¼ r3

Z

1

0

t2J1 qirtð Þ dt ð63Þ

The evaluation of the last integral is given by formula

[6.567(1)] in Gradshteyn and Ryzhik (1994) which yields:

ef qi; rð Þ ¼ r3J2 qirð Þ
qir

ð64Þ

Second, in the case of the function

h q; rð Þ ¼ 1; 0� q\r
0; r\q\R

�

ð65Þ

the following integral expression is obtained

bh qi; rð Þ ¼
Z

r

0

qJ0 qiqð Þ dq ¼ r3

Z

1

0

tJ0 qirtð Þ dt ð66Þ

In this case, the last integral is given by formula [6.567(9)]

in Gradshteyn and Ryzhik (1994):

bh qi; rð Þ ¼ r2J1 qirð Þ
qir

ð67Þ
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